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Behavior of Turbulent Flow near a Porous Wall
with Pressure Gradient

TUNCER CEBECI*
Douglas Aircraft Company, Long Beach, Calif.

Van Driest's theory, which provides a continuous velocity and shear distribution for turbu-
lent flow near a nonporous wall, is extended to turbulent flow near a porous wall. The new,
modified theory enables the theoretical calculation of velocity profiles to be performed for a
wider range of mass-transfer rates, and it gives good agreement with experimental data.
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local skin-friction coefficient,
mixing length
pressure
-(dp/dx)[v/P(uw*)*]
x and y components of velocity, respectively
friction velocity, (rw/p)llz

rectangular coordinates
yuw*/v
boundary-layer thickness
momentum thickness
dynamic viscosity
kinematic viscosity
density
shear stress

Subscripts
e = boundary-layer edge
i = inner region
6 = outer region
£ = turbulent
w = wall

1. Introduction

IN Ref. 1, Van Driest introduced a very useful modification
of PrandtPs mixing length theory, which provided a con-

tinuous velocity and shear distribution for flat-plate turbulent
flow near a nonporous wall. This modification also formed
the basis for the theoretical calculation of the velocity pro-
files and has been used quite successfully by several investi-
gators, for example by Cebeci and Smith2 and Patankar and
Spalding.3

The purpose of this paper is to show a possible method of
extending Van Driest's modification to turbulent flow near a
porous wall with pressure gradient. The new modification
enables the theoretical calculation of velocity profiles to be
performed for a wide range of mass-transfer rates and gives
good agreement with experimental data.

2. Analysis

2.1 Van Driest's Analysis

We consider Stokes7 flow, that is, a flow about an infinite
flat plate that executes oscillations parallel to itself. The
governing momentum equation for the flow is the one-dimen-
sional nonsteady momentum equation. For an incompres-
sible flow it is given by

bu/dt (1)
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If we assume that the wall velocity is

U(o,t) = UQ COSOlt (2)
the solution of Eq. (1) subject to the boundary condition Eq.
(2) is given by the following expression:

where

u = UQB ny cos(co£ — ny)

n = (OJ/2J/)1/2

(3)

(4)

From Eq. (3), we see that the amplitude of the motion
diminishes with distance from the wall as a consequence of the
factor exp(—ny). If we identify u as the fluctuation velocity
u f , we see that when the plate is fixed and the fluid oscillates
relative to the plate, the fluctuation velocity (with the cosine
term neglected) will be

u' = Uo'(l - e~w) (5)

Equation (5) shows that because of the viscous effects it is
necessary to correct the velocity fluctuation by 1 — exp(—ny).
From the definition of Reynolds shear stress, we then can
write

-p<wV) = -p<tioW>(l - e~™y

Since according to PrandtPs mixing length concept,

we see that Eq. (6) can now be written as

-p(u'v') = lz(l - e-

where I = ky.
The exponential term in Eq. (3) can be written as

exp(—ny) = exp —(w/2v)1/2y = exp(—y/Ai)

where

Al =

(6)

(7)

(8)

(9)

(10)

The units of (co*>)1/2 are that of a velocity. Van Driest takes
this characteristic velocity to be the friction velocity, uw* =
(rw/p)112, writes Eq. (10) as

A = const v(rw/p)~112
(U)

and empirically determines the constant to be 26 for k =
0.4. Then it follows from Eq. (8) that the Reynolds shear
stress term can be written as

-p(u'v') = (12)

The exponential term can also be written as exp — (y+/A+)
where

- yuw*/v,A+ = 26 (13)
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2.2 Present Analysis

The expression given by Eq. (11) was obtained for a flat-
plate flow with no mass transfer. As it stands, it cannot be
used for flows with pressure gradients. This is quite obvious,
since for a flow with an adverse pressure gradient TW -> 0,
which introduces a discontinuity in shear stress and in velocity
profiles. It can be extended to flows with pressure gradient
and mass transfer by the following reasoning.

Consider the momentum equation for two-dimensional in-
compressible turbulent flows:

ox
du—~oy

1 dp
p dx

In the laminar sublayer region this equation can be written as

du
ox

bu
^y

1 dv 1 dr
= ---/- + - v~ (15)p dx p oy

by neglecting the Reynolds shear-stress term —p(u'vr), and
by putting r = pou/dy. If we identify the characteristic
velocity in Eq. (10) to be the friction velocity based on the
sublayer thickness rather than its wall friction velocity, then
Eq. (11) can be written as

A = 26*>(rs/ps)-1/2 (16)
where the subscript denotes sublayer.

If we approximate Eq. (15) by the following equation

drs/dy - (vw/v)rs = dp/dx (17)

The solution of Eq. (17) with ys
+ = 11.8 enables the damping

constant A+ to be written asf

A+ = 26 -

Here

-']

p+ = - (dp/dx)v/

exp(11.8^+)-

3, vw
+ = vw/u*

(18)

(19)
For a nonporous wall with pressure gradient, Eq. (18) reduces
to

A+ = 26[1 - 11.8P+]-1/2 (20)

For a porous flat-plate flow, Eq. (18) reduces to

A+ = 26exp(-5.9^+) (21)

Figure 1 shows the deviation of the damping constant from
that of a flat-plate flow with no mass transfer, that is, A +/26.
Figure la shows a plot of Eq. (20). According to this plot,
the damping constant of a pressure-gradient flow deviates
considerably from that of a flat-plate flow and becomes quite
large as p+ approaches the value 0.08. This means that at
large values of p+, a condition corresponding to highly ac-
celerating flow, the transitional region close to the wall will be
larger. In this case, the skin-friction values will be lower than
those obtained by A+ = 26, corresponding to flat-plate flow.
Figure Ib is a plot of Eq. (18) that shows the effect of vw

+ on
the damping constant for several p+ values. The results in-
dicate that the damping constant increases appreciably in
accelerating flows (positive p+) and with suction increases
even more, as is to be expected. Figure Ic shows the effect of
p+ on the damping constant for several ^+-values. As is to
be expected, the damping constant increases with suction and
positive p+.

f Here we assume that the sublayer Reynolds number for
turbulent flows with pressure gradient and mass transfer does not
change from its value for unblown flat-plate flows.

Fig. la Deviation of damping constant of a pressure gra-
dient flow from that of a nonporous flat-plate flow.

EQUATION ( 18 )

-.1 -.08 -.06 -.04 -.02 .02 .04 .06 .08

Fig. Ib Deviation of damping constant with, blowing
parameter v+

w for several p+ values.

-.08 -.06 -.04 -.02

Fig. Ic Deviation of damping constant with pressure
gradient parameter p+ for several v+

w values.

3. Comparison With Experiment

Needless to say, the proposed modification of Van Driest's
modified mixing-length expression is empirical, and like most
expressions used in calculations of turbulent flows, it must be
checked with experiment. This was done by comparing the
calculated A+ values from Eq. (18) with those obtained ex-
perimentally, and by using the eddy-viscosity method de-
scribed in Ref. 2. In the latter case the boundary layer is re-
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O DATA OF SIMPSON ET AL

Fig. 2 Deviation of damping constant of a porous flat-
plate flow from that of a nonporous flat-plate flow.

garded as a composite layer consisting of inner and outer re-
gions for which separate expressions for eddy viscosity are
used. In other words, the solution of Eq. (14) is obtained by
eliminating the Reynolds shear-stress term by the following
eddy-viscosity formulation:

— p(u'v') = (22)

where e is given by

0 < y < yc (23a)

= 0.0168 - u)dy X

1 ^ y ^ B (23b)
and the matching point yc between two regions is obtained
from the continuity of eddy viscosity, namely, e» = eo. In
Eq. (23a) the damping constant A+ is given by Eq. (18).

Figures 2 and 3 show the deviation of damping constant
A + with mass transfer for flat-plate flows. The experimental
values of A+ were obtained from the data of Simpson et al.4
and Kendall,5 and were reported in Ref. 6 by Bushnell and
Beckwith. Figure 3 also shows the curve faired to the experi-
mental data used by Bushnell and Beckwith. The calcula-
tions were made by using Eq. (21). The skin-friction values
for Eq. (21) were obtained from Simpson's data4 for blowing

100.0 -
80.0 -

60.0

40.0

10.0
8.0

O EXPERIMENTAL DATA OF SIMPSON ET AL.
D EXPERIMENTAL DATA OF KENDALL.

——— FAIRED CURVE USED BY BUSHNELL AND BECKWITH.
• EQUATION (21)

Fig. 3 Comparison of calculated and experimental damp-
ing constants for a flat-plate flow with mass transfer.

a) vw/ue = 0.00386

PRESENT METHOD
O DATA OF SIMPSON ET AL

V
77— = 0.00386

b) vw/ue = 0.00784

c) vw/ue = 0.00950

Fig. 4 Comparison of calculated and experimental veloc-
ity profiles for the blown boundary layer measured by

Simpson et al.
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a) vw/ue = 0.00386
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b) vw/ue = 0.00784

Fig. 5 Comparison of calculated and experimental skin-
friction values for the blown boundary layer measured by

Simpson et al.4

and from Tennekes' data7 for suction. The agreement is
quite satisfactory. In Fig. 3 the agreement between Eq.
(21), the experimental data, and the faired curve is very good
for blowing parameters up to 14. For larger blowing param-
eters, the calculated A + values deviate from the faired curve
used by Bushnell and Beckwith, but seem to agree reasonably
well with experimental data except for one value.

Figures 4a, 4b, and 4c show the calculated velocity profiles
obtained by the eddy-viscosity formulation given in Eq. (23)
for blowing rates of vw/ue = 0.00386, 0.00784, and 0.00950,
respectively, for the experimental data of Simpson et al.4 In
these calculations the damping constant A+ as given by Eq.
(21) was used. It is important to note that calculations could
not be made with the unmodified damping constant given by
A + = 26. Figures 5a and 5b show a comparison of calculated
and experimental skin-friction values obtained for two blow-

O DATA OF TENNEKES, RUN 2-429
—— PRESENT METHOD
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e

Fig. 6 Comparison of calculated and experimental vel-
ocity profiles for the sucked boundary layer measured by

Tennekes.
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Fig. 7 Comparison of calculated and experimental (top)
momentum thickness values and (bottom) skin-friction
values for the sucked boundary layer measured by Ten-

nekes.

ing rates, vw/ve = 0.00386 and 0.00784, respectively. In
general, the agreement seems satisfactory, and a slight dis-
crepancy in skin-friction values could be caused by the proced-
ure that was followed in making comparisons. Ideally, one
should start the theoretical calculations by inputting the
initial velocity profile obtained from the experimental data.
However, in the present comparisons, an effective length that
matched the momentum thickness at the station where blow-
ing began was determined. This procedure does not neces-
sarily match the initial skin-friction coefficient at that station.
However, as the calculations continue in the streamwise di-
rection, the initial discrepancy in the local skin friction de-
creases. For example, when the comparisons were made for
the blowing ratio of vw/ue = 0.00950, the calculated and
experimental skin-friction values were 5.5 X 10 ~4 and 3.4 X
10 ~4, respectively, at the station where the matching was
made (Re = 4.3 X 103). Downstream, at sufficiently higher
Reynolds number, the discrepancy became quite small.
For example, at Re = 103, the experimental and calculated
local skin-friction values were 1 X 10 ~~4 and 1.1 X 10 ~4, re-
spectively, and at Re = 17 X 103, they were 1 X 10 ~4 and
0.98 X 10~4, respectively.

Comparisons were also made for the sucked boundary
layers. The experimental data of Tennekes7 were used for
this purpose. Figure 6 shows a comparison of calculated and
experimental velocity profiles for a suction rate of vw/ue =
—0.00429. Figures 7a and 7b show comparisons of calcu-
lated and experimental values of momentum thickness and
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Fig. 8 Comparison of calculated and experimental veloc-
ity profiles for the boundary layer measured by Simpson

et al.
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local skin friction, respectively. In general, the agreement is
quite satisfactory.

A comparison between results obtained by the old damping
constant and by the new damping constant is also made for a
flat-plate flow with mass transfer. This was done as follows.
If we neglect the du/dx term in the continuity equation, it
follows that the momentum equation can be written as

pvw(du/dy) = dr/dy (24)

where

du
T = Ti + Tt = M -7-dy

(25)

Integrating Eq. (24) and using Eq. (25), we can express the
resulting expression, in dimensionless form, as

du+
dy+

2(vw+u
4:(vw+u - exp(-i/+M+)]2) 1/2 (26)

Figure 8 shows a comparison of calculated and experimental
velocity profiles for a blowing rate of vw/ue = 0.00386, for the
experimental data of Simpson et al.4 These calculations
were made by integrating Eq. (26) and by using the original
damping constant, A+ — 26, and the present damping con-
stant, which in this case is the expression given by Eq. (21).
The results show the marked improvement of the present
formulation.

For the test cases considered in this paper, the calculated
results indicate thafc the proposed modification of Van Driest's
expression is quite useful and gives good agreement with ex-
periment. Further comparisons on the same subject, which
is reported in Ref. 8, also show the same good agreement and
give further support to the proposed modification.

4. Concluding Remarks

Van Driest's theory, which provides a continuous velocity
and shear distribution for turbulent flow near a nonporous
wall, is extended to turbulent flow near a porous wall with
pressure gradient. Several comparisons were made with the
experimental data. The results show that the proposed
modification of Van Driest's theory seems to be suitable for
carrying the calculations right down to the wall to compute
flows with pressure gradients and mass transfer. In the
absence of a better empirical fit, the new formulation appears
to be quite useful.
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